ABSTRACT This paper presents the stochastic-geometry analysis and designs a primary exclusive region (PER) for a spatial grid-based spectrum database system. The purpose of the spatial grid is to utilize information, such as the primary receiver (PR) antenna pattern, and the secondary transmitter (ST) density and transmission power, in each divided region. This paper introduces polar and square grids. For these spatial grids, the cumulants of the aggregate interference at a PR, from the STs, are derived, where the probability generating functional for the Poisson point process (PPP) is used on the assumption that the distribution of the STs in each divided region follows an inhomogeneous PPP. In addition, by introducing the allowable transmission probability of STs in each divided region, the PER optimization problem can be formulated as a continuous optimization problem. Numerical results demonstrate that a PER, corresponding to the information, is successfully designed and that more detailed information, due to a reduction in the area of each divided region, leads to a smaller and complex-shaped PER.
I. INTRODUCTION
Database-driven spectrum sharing [1] - [5] is a promising cognitive radio technique for 5G mobile networks [6] , [7] , which require higher spectral efficiency. In this technique, a spectrum database initially collects the primary user's (PU's) usage information regarding the licensed bands in each region. Then, the database establishes a spectrum sharing policy for the secondary user (SU) such that the SU's unlicensed operation will not interfere with the PU operation. Finally, an SU queries the database, providing its location and operates in the licensed bands determined by the policy.
In this paper, to design a primary exclusive region (PER) [8] , [9] around a primary receiver (PR), within which the secondary transmitters (STs) are forbidden to transmit, we present the stochastic geometry analysis [10] - [12] for a spatial grid-based spectrum database system. In this system, by dividing a two-dimensional space into multiple regions, the information, which includes the PR antenna pattern, and the ST density and transmission power, in each divided region can be considered. As spatial grids, we introduce the polar and square grids. The polar grid divides the space into annular sectors and realizes a simple stochastic-geometry analysis. On the other hand, the square grid divides the space into square regions and is assumed to be used in an actual spectrum database system. For both spatial grids, we introduce the allowable transmission probability (ATP) of STs in each divided region for describing the PER and derive the cumulants of the aggregate interference at a PR from all the transmitting STs with stochastic geometry. Further, we formulate a continuous optimization problem for determining the ST ATP in each divided region, for designing the PER. We impose a constraint related to the PU outage probability on the optimization problem, where the PU outage probability is defined as the probability that the PR aggregate interference exceeds the maximum tolerable interference threshold at the PR. Finally, we solve the problem for certain scenarios and verify that a complex-shaped PER, corresponding to the information, is designed.
The contributions of this paper are twofold: The first is the analysis of the aggregate interference at a PR with the probability generating functional (pgfl) for the Poisson point process (PPP) in a spatial grid-based spectrum database system. The second contribution is the introduction of the ST ATP in each divided region for designing a PER as the solution of a continuous optimization problem.
The remainder of this paper is organized as follows: Section II describes the related works. Section III presents the system model in a spatial grid-based spectrum database. Section IV derives the statistics of the aggregate interference at a PR. Section V explains the optimization problem for designing a PER. Section VI describes the numerical evaluation in various scenarios. Finally, Section VII presents our conclusions.
II. RELATED WORKS
To our knowledge, no work has addressed the spatial gridbased spectrum database and stochastic geometry analysis simultaneously.
As a spectrum sharing policy, previous works [13] - [16] have adopted a circular PER and the radius of the PER has been optimized to minimize the area of the PER or maximize the transmission capacity of the secondary network, under an outage constraint for the PU. However, a practical PER should be designed, based on the information, which includes the PR antenna pattern, and the ST density and transmission power. We expect more detailed information to result in a smaller PER.
In general, square grid-based spectrum database systems are proposed in [1] - [5] . These systems divide a twodimensional space into square regions and determine whether each region is set as a PER, where the interference at a PR from a single ST in each region is used. Similar to [1] - [5] , our work considers a spatial grid-based spectrum database and attempts to design a PER with spatial grids, including a square grid. On the other hand, unlike [1] - [5] , our work analyzes the aggregate interference at a PR from all the transmitting STs, using stochastic geometry.
Reference [17] is most similar to our work and has assumed the union of the sector regions as a PER, and determined the radii of the sector regions using stochastic geometry and the optimization theory. As in [17] , our work analyzes the aggregate interference at a PR from all the transmitting STs, using stochastic geometry. On the other hand, unlike [17] , our work discusses PER design in spatial grid-based spectrum database systems, including the square grid-based spectrum database system proposed in [1] - [5] .
III. SYSTEM MODEL A. SYSTEM OUTLINE
In a two-dimensional space, a PR is located at the origin, the STs are distributed randomly, and there is a database. The space is divided into multiple regions. The PR is assumed to be at a fixed location, for example, a radar receiver. The database is assumed to be linked to each ST, under the same assumption for the spectrum database systems presented in [1] - [5] . The database is assumed to collect the ST locations and the transmission power levels.
As spectrum information, the database stores the locations and power levels of the STs. This information is assumed to be collected, when the STs request transmission permission from the database. Spectrum information on the PU is not within the scope of this paper. We focus on evaluating the impact of the STs on a PR, as the aggregate interference at a PR.
We consider a case, where STs operate in a single radio channel allocated to the PR. We can extend our discussion to a case, where STs operate in multiple radio channels allocated to the PR. In the case of multiple radio channels, in particular, as in certain stochastic-geometry works [10] - [12] , we can design an independent PER for each channel.
The database intends to operate the STs in a licensed spectrum such that the PR does not experience harmful interference from the transmitting STs. We describe the operational flow of the secondary operation in the licensed channel. When STs want to operate in the licensed channel, they request transmission permissions from the database; then, the database collects the information about the power level of each ST and about which divided region each ST is in. Using the information, the database determines the ST ATP in each divided region and determines whether it can permit the STs to transmit. In accordance with the reply from the database, the STs operate in the licensed channel.
The database is assumed to collect the information about the power level of each ST and about which divided region each ST is in and to use the information as the density and power level of the STs in each divided region. This assumption is for theoretically analyzing the aggregate interference at the PR from the transmitting STs. We recall that the contribution of this paper includes the analysis of the aggregate interference at the PR using well-known stochastic-geometry frameworks [10] - [12] and the design of a complex-shaped PER in the spatial grid-based spectrum database systems presented in [1] - [5] .
We discuss the PER design for a scenario, where there is the PR. To extend this discussion to the scenario where there are multiple PRs, we need to use the approach proposed in [18] . Reference [18] has extended the PER design from a single PR scenario [16] to a scenario with multiple PRs, where a PER is defined as the union of disks centered at multiple PRs, which are distributed following a Poisson point process. Reference [18] has analyzed the aggregate interference at the PR and designed a PER on the assumption that the STs outside the PER are distributed following a Poisson hole process [10] , [19] ,
B. SPATIAL GRID
We introduce two types of spatial grids, polar and square, and present their mathematical expressions. Fig. 1 shows the outline of a polar grid. This grid divides the space into N r N ϕ annular sectors, where N r and N ϕ are the number of radial and angular divisions, respectively. In polar coordinates (r, θ), each annular sector shown in Fig. 2 , U i r j ϕ for i r ∈ I r = {0, . . . , N r − 1} and j ϕ ∈ J ϕ = {0, . . . , N ϕ − 1}, can be expressed as
1) POLAR GRID
where R 1 represents the radius of the divided sector, U 0 j ϕ ; all the divided annular sectors have the same area size, π R 1 2 /N ϕ . Obviously, {U i r j ϕ } i r ∈I r , j ϕ ∈J ϕ are disjoint with each other. Note that we ignore STs outside i r ∈I r j ϕ ∈J ϕ U i r j ϕ . divisions and is an even number. In Cartesian coordinates (x, y), each square region shown in Fig. 4 , V i x j y , for i x , j y ∈ I xy = {−N xy /2, . . . , 0, . . . , N xy /2 − 1} can be expressed as
2) SQUARE GRID
where all the divided square regions have the same area size, W 2 . Obviously, {V i x j y } i x ∈I xy , j y ∈I xy are disjoint with each other. Note that we ignore STs outside i x ∈I xy j y ∈I xy V i x j y .
C. DISTRIBUTION OF STs
We focus on a divided region, S, i.e., S = U i r j ϕ in the polar grid case or S = V i x j y in the square grid case. Let the area size of S be denoted by |S|. The database stores three types of information related to the region, S. The first information is the ST density in S, denoted by λ S . λ S can be generated from the information on the number of STs in S. The second information is the ST transmitting power in S, denoted by p S . p S can be generated from the available transmission power levels of the STs in S. The third information is the constant gain between the PR at the origin and the STs in S, denoted by g S . g S can be calculated from the antenna patterns of the PR and STs in S.
The distribution of the STs in S is assumed to follow an inhomogeneous PPP with an intensity function, S . S is expressed as
This assumption enables to formulate the aggregate interference with well-known stochastic-geometry theories for a PPP [10] - [12] . We recall that the contributions of this paper include the formulation of the aggregate interference in the spatial grid-based spectrum database systems.
We introduce the ST ATP in S, denoted by a S with 0 ≤ a S ≤ 1. When the database replies to the queried ST in S, it transmits the transmission permission and prohibition with probabilities of a S and (1 − a S ), respectively. Thus, the transmitting STs on S follow an inhomogeneous PPP and their intensity function can be expressed as a S S . Let the inhomogeneous PPP be denoted by S,TX .
IV. INTERFERENCE DISTRIBUTION
We derive the statistics of the aggregate interference at the PR from all the transmitting STs. VOLUME 6, 2018 A. INTERFERENCE Let the aggregate interference at the PR from all the transmitting STs be denoted by I total as
where I S denotes the aggregate interference from the transmitting STs in a divided region S. I S is defined as
where h z denotes the fading coefficient (with unit mean) between z ∈ R 2 and the origin, z denotes the Euclidean distance between z ∈ R 2 and the origin, and α is the pathloss exponent with α > 2. We assume that the fading coefficient, h z , is an independent and identically distributed (i.i.d.) random variable, h, with unit mean and a probability density function (pdf), f h .
B. INTERFERENCE CUMULANT
We derive the nth cumulant of I S and then, derive the nth cumulant of I total . Let the nth cumulant of a random variable, X , for n = 1, 2, . . . be denoted by κ n (X ). κ n (X ) for n = 1, 2, . . . uniquely determine the distribution of X [20] . For deriving the cumulant of I S , we express the moment generating function (MGF) of I S , which is denoted by M I S (s), as follows:
where in (a), we use the pgfl for the PPP (Theorem 4.9 in [10] ). Using the MGF, the nth cumulant, κ n (I S ), is expressed as follows:
(9) shows that A n (S) depends only on the spatial grid and the location of S. 
1) POLAR GRID
In the polar grid case (S = U i r j ϕ ), I total can be expressed as
In this expression, {I U ir jϕ } i r ∈I r , j ϕ ∈J ϕ are mutually independent random variables because { U ir jϕ ,TX } i r ∈I r , j ϕ ∈J ϕ are mutually independent inhomogeneous PPPs. Thus, from the cumulant additivity property [20] , κ n (I total ) can be expressed as
From (1), A n (U i r j ϕ ) can be modified as
Thus, from (7), (11), and (12), κ n (I total ) in the polar grid can be calculated analytically.
2) SQUARE GRID
In the square-grid case (S = V i x j y ), I total can be expressed as
In this expression, {I V ix jy } i x , j y ∈I xy are mutually independent random variables because { V ix jy ,TX } i x , j y ∈I xy are mutually independent inhomogeneous PPPs. Thus, from the cumulant additivity property [20] , κ n (I total ) can be expressed as
Using Fig. 5 , we can calculate A n (V i x j y ), where θ BR , θ BL , θ TR , and θ TL , in this figure, are angles and given as follows:
Then, A n (V i x j y ) can be calculated in polar coordinates as follows:
When α is an integer, the integrations in (17) can be expressed as closed-form expressions; thus, (16) can also be expressed as a closed-form expression. For example, in the special case, α = 4 and n = 1 (k = 2), the integrations in (17) are expressed by the following closed-form expressions:
Thus, from (7), (14) , and (16), κ n (I total ) in the square grid can be calculated analytically.
C. CUMULANT MATCHING
Like [13] , [17] , and [21] , we treat the distribution of I total as a log-normal distribution, approximately, with the cumulant matching approach [22] . In this approach, by matching the nth cumulant of an unknown distribution to the nth cumulant of a well-known distribution, the unknown distribution can be approximated by the well-known distribution. Let the pdf of I total be denoted by f I total ; f I total is approximately expressed as
where
Note that the cumulant matching approach is adopted in several works related to stochastic geometry [11] . These works have treated the distribution of an aggregate interference using various well-known distributions, approximately. In [13] , [17] , and [21] , a log-normal distribution has been used, as in this paper. In [13] , [23] , and [24] , a shifted lognormal distribution [25] has been used. In [13] and [26] - [28] , a gamma distribution has been used. The primary focus of this paper is to design a PER based on a spatial grid; hence, we use a log-normal distribution to approximate the aggregate interference. Cases, where other well-known distributions are used, are beyond the scope of this paper.
V. PU OUTAGE PROBABILITY AND PER DESIGN
With the derived expressions, we formulate an optimization problem for designing a PER in the spatial grid-based spectrum database system. On this problem, we impose a constraint related to the PU outage probability. Recall that the PU outage probability is defined as the probability that I total exceeds the maximum tolerable interference power at the PR, I th ; i.e., the PU outage probability can be expressed as P(I total > I th ).
A. PU OUTAGE PROBABILITY
The PU outage probability, P(I total > I th ), is the complementary cumulative distribution function (CCDF) of I total . Approximating the distribution of I total as a log-normal distribution, referring to [13] , [17] , and [21] , P(I total > I th ) can be approximately expressed as follows:
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B. OPTIMIZATION PROBLEM FORMULATION
In each spatial grid case, we formulate the optimization problem for determining the ATP of each divided region as a constrained non-linear continuous optimization problem. The objective function is to minimize the area of the PER, defined as the summation of a S |S|. We use this objective function to enlarge the region, where the STs are permitted to transmit. We impose a constraint wherein the PU outage probability, P(I total > I th ), is less than the target, β target . We first formulate the optimization problem in the polar grid case (S = U i r j ϕ ) as follows:
Let the solution be denoted by a U ir jϕ . We formulate the optimization problem in the square grid case (S = V i x j y ) as follows:
Let the solution be denoted by a V ix jy .
VI. NUMERICAL EVALUATION
By solving (23) and (24), we design an optimized PER. In addition, we quantitatively evaluate the optimized PER area and the simulated PU outage probability, obtained by Monte Carlo simulation. Note that the divided regions in the polar and square grid cases are set to have the same area size.
A. PARAMETERS
We consider two scenarios regarding the ST density, λ S and the transmission power, p S , in each divided region, S. In the first scenario, λ S and p S for any divided region S are set to λ S = 10 −5 m −2 and p S = 1 W, respectively. The purpose of the first scenario is to evaluate the impact of the PR antenna pattern on the optimized PER. In the second scenario, (λ S , p S ) is given by
S in the second quadrant, (5 × 10 −6 m −2 , 0.5 W) S in the third quadrant, (10 −5 m −2 , 0.5 W) S in the fourth quadrant.
In addition, N ϕ is set to be a multiple of four. The purpose of the second scenario is to evaluate the impact of not only the PR antenna pattern but also the ST density and the transmission power in the optimized PER. We use the Nakagami-m fading superimposed on the lognormal shadowing [29] ; E(h n ) can be expressed as
where m N and σ S,dB denote the Nakagami-m fading parameter and the log-normal shadowing parameter with a dBspread, respectively; ξ = 10/ ln(10); (·) denotes the gamma function. We calculate g S for each divided region S as
where g(ϕ) denotes the PR antenna factor. In this calculation, we evaluate the PR antenna pattern as the worst case. g(ϕ) is assumed to be an N array -element linear uniform array in which the elements are spaced one-half wavelength apart and the phases are zero [30] ; g(ϕ) is given as follows:
Fig . 6 shows g(ϕ) for N array = 10. Note that in the calculation of the simulated PU outage probability with Monte Carlo simulation, we use g(ϕ); i.e., I S is calculated as follows:
To solve the optimization problems (23) and (24), we use the Pyomo modeling framework [31] and interior point optimizer (IPOPT) nonlinear solver [32] , [33] .
Finally, Table 1 lists the parameters and their values. 
B. NUMERICAL RESULTS
We present the results of the first scenario. Figs. 7 and 8 show the optimized PER in the polar and square grid cases, respectively. As a result, the shape of the optimized PER depends on that of the PR antenna pattern, i.e., a large PER is designed in the direction with high antenna gain and a small PER is designed in the direction with low antenna gain. Fig. 9 shows a conventional optimized circular PER related to [16] for comparison. This figure shows the optimized PER for N ϕ = 1 in the polar grid case of the first scenario. This circular PER is designed on the basis of the overestimation of the PR antenna pattern, and the proposed non-circular PER design contributes to a smaller PER, according to the PR antenna pattern.
As the area of the divided region is reduced (N ϕ is increased), the designed PER shrinks and becomes complexshaped. Figs. 10 and 11 show the area of the optimized PER and the simulated PU outage probability for the area of the divided region, respectively. Fig. 10 demonstrates that, in both the spatial grid cases, the area of the optimized PER converges, as the area of the divided region is reduced. Fig. 11 shows that the constraint in (23) or (24) is satisfied, and that the simulated PU outage probabilities in both the spatial grid cases are closer to the target, β target , as the area of the divided region is reduced. From these results, when the area of the divided region is set to be large, the aggregate interference at the PR is overestimated. We present the results of the second scenario. Figs. 12(a) and 12(b) show the optimized PER in the polar and square grid cases, respectively. These figures demonstrate that the optimized PER in each quadrant corresponds to the PR antenna pattern, and the ST density and transmission power; i.e., the smaller the ST density or the transmission power, the smaller is the optimized PER. Figs. 13 and 14 show the area of the optimized PER and the simulated PU outage probability for the area of the divided region, respectively. The trends of the optimized PER area and the simulated PU outage probability are the same as those of the first scenario.
VII. CONCLUSION
This paper has presented the stochastic-geometry analysis and PER design for a spatial grid-based spectrum database system. The purpose of the spatial grid is to utilize the information, such as the PR antenna pattern, and the ST density and transmission power, in each divided region. Further, polar and square grids were introduced. For these spatial grids, the cumulants of the aggregate interference at a PR from the STs were derived, where the pgfl for the PPP was used on the assumption that the distribution of the STs in each divided region followed an inhomogeneous PPP. In addition, introducing the ATP of STs enabled to formulate the PER optimization problem as a continuous optimization problem. Numerical results demonstrated that a PER, corresponding to the information, was successfully designed and that more detailed information, due to a reduction in the area of each divided region, resulted in a smaller and complex-shaped PER. 
